The subject of this article are (cocycle free) cross product bialgebras. We introduce (recursive) Hopf pairs which lead to a complete classification of so-called trivalent cross product bialgebras either by (co-)modular or by universal properties. The various types of the well known cross products with bialgebra structure existing so far in the literature can be described within this classification scheme. As a by-product we find a new class of cross product bialgebras. We are working in the general setting of braided monoidal categories which allows us to apply our results in particular to the braided category of Hopf bimodules over a Hopf algebra. Majid's double biproduct is seen to be a twisting of a certain cross product bialgebra in this category. This resembles the case of the Drinfel'd double which can be constructed as a twist of a specific cross product.
Introduction
In recent years various ((co-)cycle free) cross products with bialgebra structure had been investigated by several authors [27, 23, 17] . The different types like tensor product bialgebra, crossed product or biproduct, double cross product and bicross product are characterized by a universal formulation in terms of specific projections and injections of the particular tensorands into the cross product. The tensorands have mutual (co-)module structures which are compatible with these universal properties and which allow a reconstruction of the cross product. The cross products are therefore equivalently characterized by either of the two descriptions. The multiplication and the comultiplication of the different cross products have a similar form as the multiplication and the comultiplication of the tensor product bialgebra except that the tensor transposition is replaced by a more complicated morphism with particular properties. The (co-)unit is given by the canonical tensor product (co-)unit. Up to these common aspects the defining relations of the several types of cross products seem to be intrinsically rather different. The question arises if there exists at all a possibility to describe the different cross products as different versions of a single unifying theory which equivalently characterizes cross product bialgebras in a (co-)modular manner or in terms of some kind of universal properties. The present article is concerned with this question and will try to give an affirmative answer. Based on the above mentioned common properties of cross products we define cross product bialgebras or bialgebra admissible tuples (BAT). We show that there are equivalent descriptions of cross product bialgebras either by certain idempotents or by coalgebra projections and algebra injections obeying specific relations. However it is not clear if a necessary and sufficient formulation by some interrelated (co-)module structures of the particular tensor factors exists as well. For these purposes we restrict the consideration to BATs where both the algebra and coalgebra structure of the tensorands is respected at least by one of the four projections or injections such that it is at the same time an algebra and a coalgebra morphism. The corresponding cross product bialgbras will be called trivalent cross product bialgebras. They form a sufficiently general class of cross product bialgebras to cover all the known cross products of [27, 23, 17] . On the other hand we define so-called Hopf pairs. A Hopf pair is a couple of objects which are both algebras and coalgebras and which are mutual (co-)modules obeying certain compatibility relations. One can show that a certain Hopf pair structure is canonically inherited on any BAT. Conversely Hopf pairs induce an algebra and a coalgebra on the tensor product B = B 1 ⊗ B 2 formed by the pair which strongly resembles the definition of a cross product bialgebra. However there is a priori no compatibility of both structures rendering the Hopf pair a bialgebra. Nevertheless for Hopf pairs the fundamental recursive identity (2.23) holds for both ∆ B • m B and (m B ⊗ m B ) • (id B ⊗ Ψ B,B ⊗ id B ) • (∆ B ⊗ ∆ B ), which suggests the definition of so-called recursive Hopf pairs. Recursive Hopf pairs turn out to be bialgebras and the central theorem of the article states that recursive Hopf pairs and trivalent cross product bialgebras are in one-to-one correspondence. Hence the classification of cross product bialgebras either by (co-)modular or by universal properties according to [23] has been achieved for all trivalent cross product bialgebras. The new classification scheme covers all the known types of cross products with bialgebra structure [27, 23, 17] . And for the most general recursive Hopf pairs it provides a new family of cross product bialgebras which had not yet been studied in the literature so far.
Since we are working throughout in very general types of braided categories, we can apply our results to the special case of the braided category of Hopf bimodules over a Hopf algebra (possibly in a braided category, too). We demonstrate that Majid's double biproduct [21] is a bialgebra twist of a certain tensor product bialgebra in the category of Hopf bimodules considered as a bialgebra in C according to [1] . Therefore we encounter a similar situation as for the Drinfel'd double which also results from twisting of a cross product bialgebra [20] . A more thorough investigation of Hopf pairs and cross product bialgebras in Hopf bimodule categories will be presented in a forthcoming work. Another application of our results shows that the braided matched pair formulation in terms of a certain pairing only works if the mutual braiding of the two objects of the pair is involutive. This confirms in some sense a similar observation in [21] .
In Section 1 we give a survey of previous results, notations and conventions which we need in the following. In particular we recall outcomes of [1, 2] . We use graphical calculus for braided categories which we fit for our purposes. The subsections on Hopf bimodules and twisting will be needed only in Section 3. Section 2 is devoted to the main subject of the article. We define bialgebra admissible tuples (BAT) or cross product bialgebras, trivalent cross product bialgebras, and (recursive) Hopf pairs. In particular we show that recursive Hopf pairs and trivalent cross product bialgebras are equivalent. They generalize the known "classical" cross products which will be recovered as certain special examples. The results of Section 2 will be applied in Section 3. We show that the double biproduct [21] can be obtained as a bialgebra twist from the tensor product bialgebra of two Hopf bimodule bialgebras considered as a bialgebra in the base category [1] . We apply the definition of a braided matched pair to show that the braided version of the matched pairing [20] yields a matched pair if and only if the braiding of the two tensorands is involutive.
Preliminaries
We presume reader's knowledge of the theory of braided monoidal categories. Braided categories have been introduced in the work of Joyal and Street [10, 11] . Since then they were studied intensively by many authors. For an introduction to the theory of braided categories we recommend to have a short look into the above mentioned articles or in standard references on quantum groups and braided categories [6, 28, 12, 18] .
We use and investigate algebraic structures in braided categories. We suppose that the reader is familiar with the generalization of algebraic structures to braided categories. Essentially we are working with algebras, coalgebras, bialgebras, Hopf algebras, modules, comodules, bimodules and bicomodules in braided categories [13, 18, 20] . Structures like Hopf bimodules or crossed modules will be reviewed in the following. We use throughout the symbol m for the multiplication and η for the unit of an algebra, ∆ for the comultiplication and ε for the counit of a coalgebra, S for the antipode of a Hopf algebra, µ for the (left or right) action of an algebra on a module, and ν for the (left or right) coaction of a coalgebra on a comodule. We call a morphism ρ : M ⊗ N → 1I C in C a pairing of M and N .
Because of Mac Lane's Coherence Theorem for monoidal categories [15, 16] we may restrict our conideration to strict braided categories. In our article we denote categories by caligraphic letters C, D, etc. For a braided monoidal category C the tensor product is denoted by ⊗ C , the unit object by 1I C , and the braiding by C Ψ. If it is clear from the context we omit the index 'C' at the various symbols.
The graphical calculus for (strict) braided monoidal catgories [10, 9, 12, 24, 25, 18 , 28] will be used throughout the paper. We compose morphisms from up to down, i. e. the domains of the morphisms are at the top and the codomaines are at the bottom of the graphics. Tensor products are represented horizontally in the corresponding order. We present our own conventions [1, 2] in Figure 1 and omit an assignment to a specific object if there is no fear of confusion.
Henceforth we consider braided categories which admit split idempotents [1, 13, 14] ; for each idempotent Π = Π 2 : M → M of any object M in C there exists an object M Π and a pair of morphisms (i Π , p Π ) such that p Π • i Π = id M Π and i Π • p Π = Π. This is not a severe restriction of the categories under consideration since every braided category can be canonically embedded into a braided category which admits split idempotents [1, 13] .
The results of the following subsections on Hopf bimodules and twisting will be needed for the investigations in Section 3. They are not relevant for the central part of the article presented in Section 2. 
Hopf Bimodules
Hopf bimodules over a bialgebra B in the braided category C are defined to be both Bbimodules and B-bicomodules such that the actions are bicomodule morphisms through the diagonal coactions on tensor products of comodules and the canonical comodule structure on B [1] . Together with the bimodule-bicomodule morphisms the B-Hopf bimodules constitute the category B B C B B . For the symmetric category of k-vector spaces Hopf bimodules have been introduced in [29] under the name bicovariant bimodules.
Supose that H is a Hopf algebra in C. Then there exists a tensor bifunctor rendering 
In the following theorem the braided monoidal structure of H H C H H is described [1, 2] . • The H-Hopf bimodule X ⊗ H Y is the tensor product over H of the underlying modules, and the canonical morphism
• The H-Hopf bimodule X ⊗ H Y is the cotensor product over H of the underlying [1] . In this case the corresponding universal tensor (co-)product morphisms λ H , ρ H and the braiding
The following theorem holds [1] . 
If not otherwise mentioned we subsequently assume that the antipode of the Hopf algebra H is an isomorphism in C.
Remark 1 A mirror symmetric result corresponding to Theorem 1.2 holds for left Hcrossed modules and H-Hopf bimodules. Henceforth we will denote the idempotents X i• X p and i X • p X of a Hopf bimodule X by X Π and Π X respectively. Explicitely it holds
This observation leads to the following useful lemma. 
holds. And f = g holds if and only if
Proof. We prove the second statement. Suppose that f, g : X ⊙ Y → X ⊡ Y are Hopf bimodule morphisms. Then one shows straightforwardly
and dually
If f in the right hand side of (1.8) is replaced by the right hand side of (1.9) this leads to an identity in which f is expressed through f
Dually replace f in the right hand side of (1.10) through the right hand side of (1.11). This yields an identity which expresses f in terms of ( X Π ⊗ Π Y ) • f . We use the notation
Using the fact that
This proves the second statement of the lemma.
To verify (1.6) we use an explicit splitting of the idempotents X Π = X i • X p and
With the help of [1, eqns. (9), (7), (26)] we obtain
Remark 2 The relation (1.6) is the braided counterpart of Woronowicz's result that the braiding of Hopf bimodules is the usual tensor transposition if one restricts to tensor products x ⊗ H y of left-invariant elements x and right-invariant elements y (see [29] ).
Finally we recall the first part of the canonical transformation procedure of bialgebras in
which we need in the following.
in C where the structure morphisms are given by
(1.17)
is a Hopf algebra in C with the antipode S B given by
where
Twisting
In this subsection we present the twisting construction for bialgebras in a braided category C. We proceed along the lines of [8, 19] . Let C be a coalgebra and χ : C → 1I C be a morphism into the unit object. Henceforth we will use the following notations
for any morphism f : C → B in C.
Definition 1.5
If B is a bialgebra in C and χ : B ⊗ B → 1I C is a morphism obeying the identities 
Remark 3 Under the condition of Definition 1.5 the first identity in (1.21) holds if and only if the second one is valid.
In analogy to [8, 19] the following proposition can be verified in the braided case because nowhere in the proof the involutivity Ψ 2 = id is needed. Therefore we will only sketch how to prove the proposition. Proof. At first we will demonstrate that the bialgebra axiom
This follows from the identities (L χ ).χ = χ.L and (R χ ).χ = χ.R. Secondly, using the previous fact we show that the associativity
A r of B is equivalent to the associativity of B χ , denoted by A l χ = A r χ . This is proved with the help of the identities (
2 Cross product bialgebras Section 2 forms the central part of the article. We define cross product bialgebras or bialgebra admissible tuples (BAT) and Hopf pairs. We consider certain specializations of these definitions, which we call trivalent cross product bialgebras and recursive Hopf pairs respectively. Trivalent cross product bialgebras form a sufficiently general class to cover the cross product bialgebras of [27, 23, 17] . Additionally there arise new explicit examples of trivalent cross product bialgebras. All of them will be completely classified in terms of recursive Hopf pairs. And therefore an equivalent description either through interrelated (co-)module structures on the particular tensor factors of the cross product bialgebra or through universal projector decompositions is found.
Suppose there are two objects B 1 and B 2 in C, and morphisms
is an algebra and (B j , ∆ j , ε j ) is a coalgebra for j ∈ {1, 2}, such that ε j • η j = id B j , and the object B 1 ⊗ B 2 is a bialgebra through
This bialgebra will be called the cross product bialgebra associated to the bialgebra admissible tuple (B 1 , B 2 , ϕ 1,2 , ϕ 2,1 ) and is denoted by
One observes that the definition of a cross product bialgebra differs from the usual definition of a canonical tensor product bialgebra (in a symmetric category) only through the substitution of the tensor transposition by the morphisms ϕ 1,2 and ϕ 2,1 . Of course the known cross products with bialgebra structure are cross product bialgebras in the sense of Definition 2.1 if the structures of the objects B 1 and B 2 and of the morphisms ϕ 1,2 and ϕ 2,1 are chosen correctly.
The following proposition allows us to express cross product bialgebras in terms of idempotents or projections and injections.
PROPOSITION 2.2 Let
A be a bialgebra in C, then the following statements are equivalent.
A is bialgebra isomorphic to the cross product bialgebra
B 1 ϕ 1,2 × ϕ 2,1 B 2 .
There are idempotents
for j ∈ {1, 2}, and the sequence
3. There exist objects B 1 and B 2 in C which are at the same time algebras and coalgebras, and algebra morphisms i j , coalgebra morphisms p j , B j
, and the morphisms
are inverse each to other.
Proof. "(2) ⇒ (3)": Since Π j for j ∈ {1, 2} are idempotents there are morphisms i j : B j → A and p j : A → B j which split Π j . We define
for j ∈ {1, 2}. One immediately verifies that (B j , m j , η j ) are algebras and (B j , ∆ j , ε j ) are coalgebras, and i j are algebra morphisms, p j are coalgebra morphisms for j ∈ {1, 2}. We have to prove (2.4). Because Π j are idempotents it follows
where the last equation follows by assumption. (2) is then proven easily with the help of the assumed properties of i j and p j . "(1) ⇒ (3)": Let φ : B 1 ϕ 1,2 × ϕ 2,1 B 2 → A be the isomorphism of bialgebras. Then in particular
and dually analogous for ϕ 1,2 and ε 1 , ε 2 . We define the morphisms
Using (2.8) one verifies without problems that i j are algebra morphisms. In a dual manner it is proven that p j are coalgebra morphisms for j ∈ {1, 2}. Since
Finally, because φ is a bialgebra isomorphism it holds
where (2.7) is used in the third equation. Dually one obtains (
(2.10)
We have to show that B with the structure (2.10) is a cross product bialgebra. At first we prove that the (co-)units of B are given by the tensor products of the particular (co-)units of B 1 and B 2 . It holds
because A is a bialgebra. Furthermore
since i 1 and i 2 are algebra morphisms. Plugging (2.12) into (2.11) then yields η B = η 1 ⊗ η 2 since p j • i j = id B j for j ∈ {1, 2} by assumption. Dually ε B = ε 1 ⊗ ε 2 can be proven. Now we are going to prove that B has the structure of a cross product bialgebra if we use the morphisms
We need the auxiliary results
which can be easily proven because φ is a bialgebra isomorphism and i 1 and i 2 are algebra morphisms. With the help of (2.14) we show that m B is indeed a multiplication of the form (2.2).
(
(2.15)
In the first equation of (2.15) two times (2.14) has been used. In the second equality we applied p 1 • i 1 = id B 1 and again (2.14). The third equation of (2.15) holds by definition.
Similarly it can be shown by dualization that the comultiplication is that of a cross product bialgebra.
Hence (B 1 , B 2 , ϕ 1,2 , ϕ 2,1 ) is a BAT and B = B 1 ϕ 1,2 × ϕ 2,1 B 2 its corresponding cross product bialgebra.
However, it is not clear if this very general definition of a cross product bialgebra is in oneto-one correspondence with a description in terms of pairs of (co-)algebras with certain interrelated compatible (co-)module structures. Hence a classification of cross product bialgebras in the sense of [23] may not succeed at this general level. But for reasons of classification and reconstruction this aspect is important. The known cross products with bialgebra structure [27, 23, 17] admit such a description. To obtain a similar description for BATs we will therefore restrict our considerations to so-called recursive Hopf pairs and trivalent cross product bialgebras. The resulting theory will turn out to be general enough to unify all the "classical" cross products of [27, 23, 17] . And it will even generate a new family of cross product bialgebras. The equivalent formulation of cross product bialgebras either by interrelated (co-)module structures or by certain universal projections and injections is provided by our theory. We start with the definition of Hopf pairs. 
Module-algebra compatibility,
Comodule-coalgebra compatibility,
Module-coalgebra compatibility,
Comodule-algebra compatibility.
At first sight the defining relations of Hopf pairs seem to be rather complicated and impenetrable. However all the compatibility identities only relate the different (co-)algebra and (co-)module structures. Besides there are two remarkable symmetries of the definition of Hopf pairs. The first one is the usual categorical duality in conjunction with the transformation "m ↔ ∆", "η ↔ ε", "µ l ↔ ν l " and "µ r ↔ ν r ". The second one is a kind of mirror symmetry with respect to a vertical axis of the defining equations considered as graphics in three dimensional space, followed by the transformation of the indices "1 ↔ 2" and "l ↔ r". This observation considerably simplifies subsequent considerations and calculations.
In the following we want to relate the notation of a cross product bialgebra or BAT with the notation of a Hopf pair. It will be shown that both structures are almost equivalent.
In a first step we recover canonical (co-)algebra structures of a Hopf pair. Then B = B 1 ⊗ B 2 is both an algebra and a coalgebra through the structure morphisms
In this case η 1 ⊗ id B 2 , id B 1 ⊗ η 2 are algebra morphisms, and
Proof. It is a well known fact that the necessary and sufficient conditions for (B, m B , η B ) being an algebra are given by the following equations.
The verification of the third and fourth equation of (2.19) can be done straightforwardly using (2.17) and the defining relations of a Hopf pair. The second equation of (2.19) will be proven graphically.
The first identity of (2.20) uses the algebra-coalgebra compatibility of Definition 2.3. In the second equation the module-algebra compatibility is used. The third equality holds because B 1 is a left B 2 -module, and the fourth identity is true because of the modulecoalgebra compatibility. This proves the second equation of (2.19). The first identity of (2.19) can be verified similarly. Hence (B, m B , η B ) is an algebra, and one shows easily that η 1 ⊗ id B 2 and id B 1 ⊗ η 2 are algebra morphisms. In a dual way it is proved that (B, ∆ B , ε B ) is a coalgebra and ε 1 ⊗ id B 2 , id B 1 ⊗ ε 2 are colgebra morphisms.
The result of Proposition 2.4 strongly resembles the definiton of a BAT. However there is a priori no compatibility of the algebra and the coalgebra structure of B = B 1 ⊗ B 2 rendering B a cross product bialgebra. On the other hand the following proposition is easily proved. PROPOSITION 2.5 A BAT (B 1 , B 2 , ϕ 1,2 , ϕ 2,1 ) yields a Hopf pair (B 1 , B 2 , µ l , ν l , µ r , ν r ) through Proof. Equations of the form (2.19) (and their dual form) hold in particular for ϕ 2,1 (and ϕ 1,2 ). Hence the (co-)module properties, the module-algebra and the comodulecoalgebra compatibility of Definition 2.3 can be derived for the (co-)actions in (2.21). The unital coalgebra structure and the counital algebra structure of B 1 and B 2 , as well as the relations in Definition 2.3 involving the (co-)actions and the (co-)units can be shown easily. By assumption B 1 ϕ 1,2 × ϕ 2,1 B 2 is a bialgebra and therefore it holds
Then one deduces the algebra-coalgebra compatibility of a Hopf pair by either composing (2. 
The module-comodule compatibility is derived from (2.22) by composition with (2.22) one gets the first identity of the comodule-algebra compatibility. The second equation of the comodulealgebra compatibility is derived by composing (2.22) with
• . Dually the module-coalgebra compatibility is proven.
The composition of (2.22) with •(id B 1 ⊗η 2 ⊗η 1 ⊗id B 2 ) and (ε 1 ⊗id B 2 ⊗id B 1 ⊗ε 2 )• yields ϕ 1,2 = φ 1,2 . The identity ϕ 2,1 = φ 2,1 is derived from (2.22) with
This concludes the proof of the proposition.
Hence Hopf pairs are more general objects than BATs, and by Proposition 2.5 we may interpret cross product bialgebras as some subclass of Hopf pairs. We will show that two noteworthy recursive identities are valid for Hopf pairs. Although these identities are rather involved, they possess the above mentioned dual and mirror symmetries. To avoid complications we represent the identities graphically.
a Hopf pair in C. Then the following identity is valid for both
, where m B and ∆ B are defined according to (2.18) .
Proof. We will prove relation (2.
can be proven similarly although rather lengthy but straightforward calculations are involved. For f = ∆ B • m B we obtain the result through the following (graphical) identities.
Remark 4 Observe that we did not need the complete list of defining relations of a Hopf pair for the deduction of Proposition 2.6. We only needed that B 1 and B 2 are both algebras and coalgebras, B 1 is a left B 2 -(co-)module, B 2 is a right B 1 -(co-)module, the algebracoalgebra compatibility, the module-coalgebra compatibility, the comodule-algebra compatibility, the module-algebra compatibility, and the comodule-coalgebra compatibility.
In particular we did not use the module-comodule compatibility.
Guided by the special form of (2.23) we define recursive Hopf pairs through the following lemma. 
which shows that (id B 1 ⊗ε 2 ) is an algebra morphism. Because of Proposition 2.4 (id B 1 ⊗ε 2 ) is also a coalgebra morphism.
Conversely if (id B 1 ⊗ ε 2 ) is an algebra morphism it holds in particular
from which the triviality µ l = ε 2 ⊗ id B 1 of µ l is derived. Because of the dual and mirror symmetries of Hopf pairs the proof of the lemma follows.
We have provided the necessary results to formulate and prove the central theorems of the article. 
is both algebra and coalgebra morphism.
Proof. Proposition 2.4 and Lemma 2.7 reduce the proof of the theorem to the verification of the bialgebra identity
Suppose that ν r is trivial, i. e. ν r = id B 2 ⊗ η 1 . Then the equation
holds. The proof of (2.27) is given graphically.
The first graphic in (2.28) is the left hand side of (2.27). In the first equation of (2.28) we use the triviality of ν r and the algebra-coalgebra compatibility of Definition 2.3. The second equality is obtained with the help of the module-coalgebra compatibility. Associativity is used in equations three and five. We apply the module-comodule compatibility to get the fourth equation and the comodule-coalgebra compatibility to verify the sixth equation of (2.28). The last graphic in (2.28) is the right hand side of (2.27) for trivial ν r . Using (2.23) and (2.27) we obtain
since ν r is trivial. From (2.23), (2.29) and the triviality of ν r it follows 
is both an algebra and a coalgebra morphism. In a slight abuse of notation we denote the corresponding bialgebra by B 1 ϕ 1,2 3 × ϕ 2,1 B 2 without indication of the specific algebra-coalgebra morphism.
In the next theorem we collect previous results and demonstrate that recursive Hopf pairs and trivalent cross product bialgebras coincide.
THEOREM 2.10
Suppose that A is a bialgebra in C. Then the following statements are equivalent.
There is a recursive Hopf pair
(B 1 , B 2 , µ l , ν l , µ r , ν r ) such that the corresponding bial- gebra B 1 ν l µ l 3 ⊲⊳ νr µr B 2 is isomorphic to A.
There is a trivalent cross product bialgebra
3. There are algebra morphisms i j : B j → A and coalgebra morphisms p j :
, and one of the morphisms i 1 , i 2 , p 1 , p 2 is both algebra and coalgebra morphism.
There are idempotents
for every j ∈ {1, 2}, the sequence
is a splitting of the idempotent Π 1 ⊗ Π 2 of A ⊗ A, and one of the idempotents is either algebra or coalgebra morphism.
Proof. Essentially the proof of the theorem has been done in Propositions 2.2, 2.4, 2.5, and in Theorem 2.8. We only have to show the additional (co-)algebra properties of the corresponding morphisms or the triviality of the corresponding (co-)actions. "(3) ⇒ (1)": From Proposition 2.2 it follows especially that A is isomorphic to a cross product bialgebra B = B 1 ϕ 1,2 × ϕ 2,1 B 2 through the bialgebra isomorphism φ :
. Then there is a Hopf pair such that B = B 1
because of Proposition 2.5. Suppose that p 1 is algebra and coalgebra morphism. Then 
which implies that (id B 1 ⊗ ε 2 ) is an algebra morphism. Because of Proposition 2.4 it is also a coalgebra morphism. "(2) ⇒ (4)": Suppose that (id B 1 ⊗ ε 2 ) is an algebra morphism. Using Proposition 2.2 and the bialgebra isomorphism φ :
and therefore Π 1 is an algebra morphism. "(4) ⇒ (3)": If Π 1 is an algebra morphism then
because i 1 is an algebra morphism. Since i 1 is monomorphic one concludes that p 1 is an algebra morphism and also a coalgebra morphism by Proposition 2.2. Thus the Theorem is proven for a particular case. Because of dual and mirror symmetry all other cases can be verified analogously. Theorem 2.10 shows that there exists a one-to-one correspondence of trivalent cross product bialgebras and recursive Hopf pairs. In addition both notations are equivalent to a description in terms of a certain projector decomposition. Since Definition 2.9 of a trivalent cross product bialgebra is a generalization of the cross products with bialgebra structure according to [27, 23, 17] , we can express all of them in a unified manner through recursive Hopf pairs. Moreover the most general recursive Hopf pairs give rise to a new family of (trivalent) cross product bialgebras.
For a better understanding of the theory we list five special examples of recursive Hopf pairs in the sequel which cover all the other cases because of the dual and mirror symmetries. The discussion of the different types of recursive Hopf pairs (B 1 , B 2 , µ l , ν l , µ r , ν r ) will be taken up with the help of the table 
The corresponding bialgebra B 1µ l ⊲⊳ µr B 2 is a braided version of the double cross product [17] . The bialgebra structure reads as follows.
(2.38) 
The affiliated bialgebra B 1 ν l ⊲⊳ µr B 2 is a braided version of the bicross product [17] . The bialgebra structure is given by 
The structure of the resulting bialgebra B 1 ν l ⊲⊳ νr µr B 2 is given by
Proof. Straightforward evaluations of Definition 2.3 using the particular trivial (co-)-actions.
Applications
In Section 3 we discuss applications of the results of Section 2. The first example shows that Majid's double biproduct [21] can be constructed as a twisting of a tensor product bialgebra in the category of Hopf bimodules over a Hopf algebra H considered as bialgebra in C according to Proposition 1.4. In the next subsection we show that the Drinfel'd double in a braided category can be reconstructed as a matched pair if and only if the braiding of the two tensor factors is involutive. This confirms in some sense statements of [21] .
Proof. The convolution invertibility and the cocycle property (1.21) forρ, m Z and ∆ Z can be proven easily. The calculation of the left and the right hand side of (1.20) yields
respectively, where the first and the second defining property of ρ of (3.11) have been used. With the help of the third equation of (3.11) one can show that (3.12) equals (3.13). The following corollary is a straightforward consequence of Propositions 1.6, 3.3 and 3.4.
COROLLARY 3.5 Suppose that the pairing ρ in Proposition 3.4 is invertible. Then according to Proposition 1.6 the multiplication mρ C⊗H⊗B of the twisted bialgebra (C ⊗ H ⊗ B)ρ is given by
where the pairing ρ is presented by
Proof. Because of Proposition 3.4 we can apply Definition 1.5 and Proposition 1.6 to m Z in Proposition 3.3. A straightforward calculation then yields the result.
Corollary 3.5 is a braided generalization of Majid's double biproduct construction [21] which therefore can be seen as a special twisting of a certain tensor product bialgebra in the category of Hopf bimodules considered in the base category C.
Quantum Double Construction
In Example 1 we discussed braided versions of matched pairs leading to braided double cross products. From [20] we know that two dually paired bialgebras in a symmetric category yield a matched pair from which a generalization of the Drinfel'd double can be reconstructed. Such a procedure had been discussed for braided categories in [21] . It was announced that a similar construction fails there since the braiding twists up and can not be disentangled. The subsequent proposition confirms this observation in a certain sense.
PROPOSITION 3.6
Suppose that A and H are bialgebras in C which are paired by the pairing ., . : H ⊗ A → 1I subject to the defining identities ., .
• (m H ⊗ id) = ., .
• (id ⊗ ., .
., .
• (id ⊗ m A ) = ., .
• (id ⊗ ., . ⊗ id) • (∆ H ⊗ id ⊗ id)
• (η H ⊗ id) = ε A ., .
• (id ⊗ η A ) = ε H .
(3.15)
Then the following statements hold.
If A and H are Hopf algebras and S
A is an isomorphism in C then ., . is convolution invertible. Explicitely
., . -= ., .
• (S H ⊗ id) = ., .
• (id ⊗ S Proof. Statement 1 is proved analogously as in the standard symmetric case. Without problems one verifies that ¡ and £ in statement 2 define algebra actions. Now suppose that Ψ H,A • Ψ A,H = id A⊗H . It is not difficult to show that (A, H, ¡, £) is a matched pair because nearly everything works like in the classical symmetric case [17, 20] . Conversely if (A, H, ¡, £) defined by (3.17) is a matched pair then the following identity has to be fulfilled because of the last equation in (2.37). From (3.18) we obtain Ψ A,H • Ψ H,A = id H⊗A by multiplying ., . to the left and ., . -to the right of (3.18) using the product given by (1.19).
Conclusions and Outlook
The classification of trivalent cross product bialgebras in terms of recursive Hopf pairs has been achieved. The known cross products with bialgebra structure fit into this new classification scheme. In addition a new cross product bialgebra has been found. It has been shown that recursive Hopf pairs and trivalent cross product bialgebras are equivalent descriptions either through (co-)modular properties or by universal mapping systems of certain projections and injections respectively. We have been working throughout in a braided monoidal setting which allowed us to apply the machinery of recursive Hopf pairs and trivalent cross product bialgebras to braided categories. In particular we showed that the double biproduct bialgebras come from a cross product bialgebra in the braided category of Hopf bimodules over a given Hopf algebra. A more general study of recursive Hopf pairs in Hopf bimodule categories will be published elsewhere.
The structure of Hopf pairs shows to be symmetric under duality and reflection at a vertical axis -if one considers the defining identities as graphics in three dimensional space. These symmetries will be somehow destroyed when considering recursive Hopf pairs and trivalent cross product bialgebras and one might ask if such a breaking of symmetry is a generic feature of the theory of cross product bialgebras. Therefore it remains an open problem if the present setting is the most general one to describe cross product bialgebras through (co-)modular properties equivalently. One could think of a variant of Hopf pairs which are not trivalent but "tetravalent", probably with additional conditions.
In the present article we studied cross product bialgebras without cocycles and/or dually without cycles. In a forthcoming investigation we will apply similar techniques as in the (co-)cycle free case and results from [4, 5, 7, 22] to describe certain types of (co-)cycle cross product bialgebras in a (co-)cyclic (co-)modular way. It is possible to derive an analogous statement as in Proposition 2.2 for very general cross product bialgebras with (co-)cycles. But the (co-)cyclic (co-)modular scheme of classification turns out to be much more subtle than in the present case. There might be different ways of restricting the general set-up of (co-)cycle cross product bialgebra to achieve such a classification scheme at all.
